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1 Introduction

Quantum computation promises powerful advantages for tasks, including factoring, search, and
simulation, that are intractable for classical computers. Recent advances in quantum hardware and
error correction [2, 4] have raised prospects of realizing this advantage in the near future. However,
significant challenges still prevent quantum computing from becoming practical and ubiquitous.
One problem is that quantum programs are hard to debug — learning about the state of a quantum
computation requires measurement, which could perturb or destroy the state.

To tackle this problem of detecting bugs in quantum programs, researchers have developed sound
methods for quantum assertion testing [17, 20-22]. Prior work has studied the expressiveness of
individual assertions and their construction as quantum circuits, but a complementary question
has been less explored: how to efficiently check multiple assertions in a quantum program.

Motivating Example. Consider the program in Fig. 1, which takes as input a qubit x and a classical
bit c. It initializes the fresh qubits y and z to |0) and executes a series of quantum logic gates on
the states of all three qubits before finally measuring the value of y and z. To test correctness, the
program invokes three assertions Aj, Ay, and Az about the relationships between X, y, and z.

Critically, the program must test A; without disturbing the pro-

gram state seen by As. Thus, it could not simply measure x and y ; :;)S/ er:,; ENSI(;;y);‘I
and collapse their superposition. Instead, it tests each assertion A; 3z o= H(z);
whose predicate is the function f; by invoking a unitary oracle O;  , x,z := cNOT(x,2);
that coherently evaluates f; into an ancilla qubit: 5z := H(z);
01+ T 1) prog [0)anc > T 1) prog LX) ane - I——

where x denotes the subset of program qubits involved in A;. 8y := H(Y);

In the example, O performs two CNOT gates targeting the same ¢ if (¢) { y := Z(y) }
ancilla controlled by x and y respectively. O; and O3 each perform 10 y := H(y)
a CNOT controlled by z or y, each targeting a fresh ancilla. 11 assert y == 1; Aj

. . . . 12 y,z = CNOT(y,z)
Efficiency. Using three ancillae - one per assertion —and ater- . 1 .. measure(y);

minal measurement on them, the program can obtain all assertion 1, ) .- measure(z);

outcomes in one run. This strategy generalizes to a single-run/n-
Fig. 1. A quantum program with

three assertions. Input qubit x is
arbitrary; y and z are initialized
to |0); c is a classical input bit.

ancillae strategy for programs with n assertions. An alternative is
a single-ancilla/n-runs strategy that executes the example program
three times. Each run enables one assertion, uses one ancilla, and
measures it at the end to obtain the outcome of that assertion.

These two baseline strategies — single-run/n-ancillae and single-ancilla/n-runs — both achieve
a total time-space complexity of T X S = O(n), where T denotes the number of executions and S
the number of qubits used per execution. It is natural to ask whether there exists a strategy that
achieves a better overall complexity or different trade-offs between space and time.

For example, if mid-circuit measurement and reset are possible, one can employ a eagerly-measure-
and-reuse strategy that uses a single run and one ancilla qubit: measure the ancilla for assertion
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A; and then reset it to |0) for reuse by later assertions. Unfortunately, mid-circuit measurements
are slow and relatively difficult to support in current hardware due to latency [7, 8, 24] and noise
sensitivity [12-15]. Improving mid-circuit measurement remains a focus in hardware research [18],
whereas reducing its occurrence has become a focus in program optimization research [5, 6].

Contributions. In this work, we investigate time-space trade-offs for quantum assertion testing in
the setting without mid-circuit measurement. To begin, we formalize the possible levels of learnable
information about a quantum program that uses multiple assertions, including deciding whether
any assertion fails (ExisTFAIL) or outputting the index of the first failing assertion (FIRSTFAIL).

Our first main contribution is a single-run, O(log n)-ancilla strategy that solves the FIRSTFAIL
problem, improving over O(n) from the two naive baselines. This result is tight; we prove a lower
bound stating that the total complexity for FIRSTFAIL satisfies T X S = Q(logn). Moreover, our
result implies that the eagerly-measure-and-reuse strategy does not yield O(n) total advantage over
strategies without mid-circuit measurement. This advantage is, surprisingly, only O(log n).

In the near term, these contributions improve our ability to test quantum programs on hardware
platforms where mid-circuit measurement is costly or unsupported. More broadly, our work initiates
the study of practical time-space tradeoffs for quantum program testing and paves way toward
testing more general assertions and more complex programs that will be needed for applications.

2 Related Work

Prior work has extensively studied assertions in quantum programming from the angles of ex-
pressiveness and realizability [17, 20-22]. For example, the statistical assertions introduced by
Ref. [17] measure repeated executions of a program to test properties such as whether a qubit takes
a specific value or whether two qubits are entangled. This idea generalizes to runtime assertion
circuits [21], which write each assertion outcome into an ancilla and measure this ancilla rather than
destructively measuring the program state. Approximate assertions [22] further extend assertions
with support for checking arbitrary pure states and some mixed states, including set membership
tests. Finally, projection-based runtime assertions [20] provide subspace-membership assertions with
theoretical guarantees, subsuming the types of assertions described earlier [17, 21].

Prior work has discussed programs with multiple assertions but has not extensively studied their
time-space trade-offs. Typically, prior work handles multiple assertions by either (i) performing
mid-circuit measurement [20], or (ii) effectively performing either the single-ancilla/n-runs approach
as in Ref. [17] or the single-run/n-ancillae approach as in Refs. [21, 22]. By contrast, we study the
time-space trade-offs of checking multiple assertions under practical constraints such as lack of
mid-circuit measurement. This question is orthogonal to expressiveness of assertions. Our study
thus applies to, and increases the applicability of, existing frameworks for assertion testing.

In addition to assertions, researchers have adapted classical techniques for software testing to
quantum programs that cover multiple aspects of test design and evaluation [3, 9-11, 16, 19, 23, 25-
28]. These techniques pose further opportunities to study efficiency as we do in this work.

3 Formalizing Problems in Quantum Assertion Testing

In this section, we formalize the concept of quantum assertion testing by specifying (i) a program
model, (ii) a family of quantum assertion-testing problems for programs with multiple assertions,
and (iii) an instrumentation and strategy model for checking them.

Program Model. Let P be a quantum program acting on a program register |[),,,,,. We adapt the
Q-WHILE language defined in Ref. [29], with the syntax for commands:
S == skip | (¢1, .. 0n) = (t1, oo ) | (q15 -+ Gn) == U(q1, .- qn) | ¢ := measure(q)
| S1;S2 | if ¢ then S; else S2 | while ¢ do S end
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Here, c, t are classical variables/terms, q is a qubit, U is a unitary operation, and measure denotes
a measurement returning a classical outcome. The guards ¢ in if and while are classical.

Assertion. We consider n program points for assertions, indexed by [n] £ {1, 2, ...,n}. For each
i € [n], assertion A, is a predicate on the instantaneous state of the program qubits in prog involved
in A;. We write the set of all assertions A = {A; | i € [n]}, and abstract the semantics of each A; by
a function f; : Hprog — B that produces the conceptual classical outcome of the assertion: f;(x) =0
denotes pass and f;(x) = 1 denotes fail'. Collectively, these outcomes define the assertion outcome
vector F € {0,1}" with F; 2 f;(x(?)), where x(!) is the state of prog immediately before A;.

Problem Family. We identify the following problems of interest: (1) ExisTFaIL: Decide whether
i€ [n] where F; =1; (2) FINDONE: Output any index i such that F; =1, or output L if none. (3)
FIrsTFAIL: Output min{i | F; =1}, or output L if none. (4) TorK: Output the k smallest indices in
{i | F; =1}, or all that exist if fewer than k. (5) CounT: Output ¢ = 1, F;, i.e., the number of failing
assertions. (6) LisTALL: Output the full set {i | F; =1}.

Instrumentation. Given P and A, an instrumentation I specifies a mask M — a subset of [n]
indicating which assertions are enabled — and an execution J (P) that checks assertions:
(i) Initialization. The program register |) ., is initialized to P’s standard input state, along with an
additional ancilla pool |),,. with size s initialized to all |0).
(ii) Oracle exposure and processing. When I (P) reaches the program point of A; for i € M, it invokes
the unitary oracle O; to access the assertion predicate f;:
Oi : X [ prog 1€)a > 2 [X) prog ¢ @ fi(x)) g 1)
which computes f;(x) € {0, 1} into a designated qubit « in register anc. After oracle invocations,
7 (P) may apply arbitrary unitaries U; acting on anc, with the constraint that U; preserves the
measurement distribution of prog. In formal terms, it requires that for all joint states pproganc,
it holds that (p for density matrix, I for identity matrix):

Tranc [(I ® U) Pprog,anc (I® Ui)T] = Tranc (Pprog,anc)
(iii) Terminal measurement. At the end of execution after 7 (P) finishes the computation on prog, it
measures all ancillae in the computational basis, producing a classical bit string r € {0, 1}°.

Strategy. Given program P and assertions A, a strategy & specifies t instrumentations (73, ..., Z;)
to check A within ¢ rounds of program execution. At the k+1-th round, based on the history
Hy £ ((Z1,11), ..., (Zg, 7i)), the strategy selects the next instrumentation x4, = §(Hg). After ¢
rounds of execution, & performs classical post-processing V on (ry, 3, ..., r;) to output an answer
to a target problem. We evaluate & by four worst-case costs over all histories it may realize:
Time (runs): T(S) £ # of instrumented executions of P.

Space (ancillae): S(&) £ max,{#ancillae allocated by 7,}.
Gate (operations): G(§') £ total # additional quantum gates used over all 7;.
Oracle calls: O(S8) = total # oracle calls over all Z;.

For example, the baseline single-run/n-ancillae strategy consists of a single instrumentation
with Mj =[n] and n fresh ancillas in anc. At each assertion point A;, the oracle O; writes f;(x)
into the i-th qubit of anc; a terminal measurement of anc reveals all F;. This yields T =1 and S =n.

In this work, we focus on assertions whose runtime outcomes are classical, i.e., deterministic (e.g., Ay and A; in Fig. 1) or
classically probabilistic (e.g., As in Fig. 1), which simplifies the formalism and facilitates reasoning. A more general assertion
may be in a superposition of passing and failing. To cover such cases, we can define an assertion as failing if the state has
any amplitude on the failure subspace, and assume efficient sampling to detect failure with high probability.
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Meanwhile, the single-ancilla/n-runs baseline comprises the instrumentations (73, ..., J,), where
I sets M. ={k} and allocates a single ancilla. Run k invokes Oy at A, writes fi (x) into the ancilla,
and measures it at termination to reveal Fy. This yields T =n and S=1.

Both baselines invoke the oracles n times and perform no additional processing beyond oracle
calls, so G = 0 and O =n for both. Each baseline directly solves LIsTALL and, with suitable classical
post-processing V, also solves the other five problems.

4 A Single-Run, O(log N)-Ancillae Strategy for FIRSTFAIL

We present a strategy that solves FIRSTFAIL using [logZ(n+1)]+1 ancillae in a single instrumented

run. The core idea is to maintain an m-qubit index register idx (with m =[log,(n+1)1), together

with a single fail flag fail, all initialized to zero. At each assertion A;, the run performs:

(1) Oracle invocation. Invoke O; (c.f. unitary 1) to compute the outcome of A; into fail. Here fail is
always fresh before each O;’s invocation, as it will be reset to [0) by step (3).

(2) Index update. Apply a unitary U; on idx, controlled on fail =1, which swaps the two basis states
[0™) and |bin(i)) of idx (where bin(i) is the m-bit binary encoding of i). Thus, if A; fails and
idx =|0™), it updates to |bin(i)). For later failing assertions A; with j > i, since idx # [0™), U; acts
as the identity. To build the quantum circuits of U;, fix a Gray path from 0™ to z =bin(i) € {0, 1}
of length ¢ =wt(z) (Hamming weight), flipping bits 0 to 1 from right to left:

0" =0 >0 > 50 =z

0
Then define the palindromic gate sequence?:

U = GGy -GGG, - 06
where each G, is a multi-controlled NOT on the unique target bit that differs between o
v, with controls on (i) fail =1 and (ii) all non-target bits of idx fixed to match o” °.
(3) Uncomputation. Apply O; again to uncompute fail to |0), for reuse at the next assertion.
At the end of execution, idx = |bin(i*)), where i* is the smallest failing index, or [0™) if none fail.

(i)

., and

Example. Consider n =10 and F =0010001010 (i.e., As, A7, and Ay fail). We use [log,(n+1)]+1=5
ancillae: one for fail and four for idx. For i ¢ {3,7, 9}, fail = |0) so U; is inactive. For i € {3,7, 9}, the
Gray paths and corresponding circuits of U; appear in Fig. 2.

0000 (o) — 0001 () — 0011 (o) 0000 (2{”) — 0001 (o) — 0011 (6”) — 0111 (2{’) 0000 (2*) — 0001 (0{”) — 1001 (")

GY g9 Gg® Gl(7) qu) G3(7) G;n me G1(9) Gz(s) Gfg)
1 2 1
STTN TN TN TN TN TN TN STTN STTN ST
|f;>f3i| |ﬁ)fai| } : : 1 : 1 } : : 1 |f;>fai|
! 1! 1! 1! 1! |
[Yiaxo [Viaxo RERSAERERE Disxo
|> |) ! 1! 1! 1! 1! 1
idx,1 T Y T T i
BEHPHI P
Diave Do =Pt gz
| i I i 1 i
| i | | i
) Digss D e—r—e——e—r6D- )
idx,3 idx,3 T [ [ [H T idx,3
! Al s\ st A 7

Fig. 2. Gray path and corresponding quantum circuits of Uj, for i =3 (left), i =7 (middle) and i =9 (right).

Starting from idx = |0000), at As, the first two gates of Us fire and advance idx to [0011). At A7,
with idx = [0011) (which equals 0"), the fired gates are the two G\ —the first flipping [0011) to [0001),
and the second G;” restoring |0001) to [0011)—thus U;’s net effect is identity on [0011). At Ao, since

2Similar constructions have been developed for unitary synthesis to compute a two-level unitary matrix that acts nontrivially
on two or fewer vector components [1] .

3G,(f) implements the controlled transposition between the basis states o)

et and v,(:) , and acts as the identity elsewhere.
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idx = [0011) does not match any node on the i =9 Gray path, no gate in Uy fires*. At the end of the
run, measuring idx gives 0011 =bin(3), identifying As as the first failing assertion correctly.

Cost. The time and space cost is T =1 and S =©(log n). The oracle unitary O; is called twice for
each i, hence O = 2n. The total gates used over all U; is computed as:

G =X, (2¢(i)—1), where ¢(i) = wt (bin(i))
A convenient worst-case upper bound is (as if all nonzero m-bit strings occurred in {bin(i) | i € [n]}):
G<XL(P)@e-1)=(m-1)-2"+1 =0(m-2™) = O(nlogn).

5 Lower Bounds for FIRsTFAIL

THEOREM 5.1 (LOWER BOUND FOR TIME—SPACE PRODUCT). For any program P with n assertions,
every strategy § that solves FIRSTFAIL satisfies S x T = Q(logn).

Proor. There are n+1 possible answers to FIRSTFAIL (L or one of n assertions). Across T rounds,
at most S fresh classical bits are revealed per round, so & produces a transcript tr € {0,1}**T upon
finishing. Zero-error correctness in the worst case requires that distinct answers induce distinct
transcripts, hence |{0,1}5*7| >n+1, yielding 2°%T > n + 1, which implies S X T > log(n + 1). O

THEOREM 5.2 (LOWER BOUND TIGHTNESS). The lower bound S X T = Q(log(n)) is tight.
PROOF. Sec. 4 gives a strategy to solve FIRSTFAIL using [log(n + 1)] + 1 ancillae in one run. O

THEOREM 5.3 (GATE COST LOWER BOUND). Every strategy that solves FIRSTFAIL with S X T =
O(logn) has a gate cost of G = Q(nlogn), i.e. it uses additional Q(nlogn) non-oracle gates.

Proor skeTcH. Under SXT = O(logn), any strategy & that solves FIrsTFAIL effectively encodes
the answer in the transcript tr € {0, 1}**7 it produces. This encoding necessarily requires flipping
ancillae bits to produce distinct classical bit-strings. Because flipping one bit requires at least one
gate, correctness for all n + 1 possible outcomes demands Q((n + 1) X (S x T)) total bit flips across
the circuits, which implies G = Q(n - (S X T)) = Q(nlogn). O

CONJECTURE 5.4 (FIXED-SCHEME TIME-SPACE LOWER BOUND). Any strategy that is fixed-scheme, i.e.
uses the same non-oracle gate pattern at every assertion point, solves FIRSTFAIL in time S X T = Q(n).

Proor SKETCH. By definition, a fixed scheme applies the same unitary U at every assertion point.
Correctness for FIRSTFAIL requires U to effect a different transformation when encountering the
first failure as opposed to any later failure, but injectivity forbids collapsing distinct input states to
the same output state. Thus, U must leave a persistent witness state of the first update that survives
all subsequent assertions unless the strategy allows linear space cost. But leaving such a witness
forces the use of Q(1) new ancilla per enabled assertion within a run. Therefore, covering all n
assertions across T runs still yields an overall complexity of S x T = Q(n). O

6 Conclusion and Future Work

In this work, we initiated the study of time-space trade-offs for checking multiple assertions in
quantum programs without mid-circuit measurements. For FIRSTFAIL, we presented a single-run,
O(log n)-ancillae strategy and proved a tight bound T x S = ©(log n), thereby showing that the
effective advantage of mid-circuit measurement is at most O(log n), not O(n).

Looking ahead, we plan to (i) develop strategies and lower bounds for the other problems defined
in Section 3, and (ii) extend our framework to assertions whose outcomes may be in quantum
superposition, where efficient sampling is required to provide high-probability guarantees.

“Note that idx remains both unchanged for i =7 and i =9, but with different reasons: for i =7, two gates fire but cancel within
the palindromic gate sequence; for i = 9, no gate fires because the current idx is not on that Gray path.
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